Abstract: Nonrelativistic string theory is a unitary, ultraviolet finite quantum gravity theory with a nonrelativistic string spectrum. The vertex operators of the worldsheet theory determine the spacetime geometry of nonrelativistic string theory, known as the string Newton-Cartan geometry. We compute the Weyl anomaly of the nonrelativistic string worldsheet sigma model describing strings propagating in a string Newton-Cartan geometry, Kalb-Ramond and dilaton background. We derive the equations of motion that dictate the backgrounds on which nonrelativistic string theory can be consistently defined quantum mechanically. The equations of motion we find from our study of the conformal anomaly of the worldsheet theory are to nonrelativistic string theory what the (super)gravity equations of motion are to relativistic string theory.
Introduction
The relativistic field equations describing the propagation of massless particles -Einstein's, Yang-Mills's and Dirac's equation -beautifully emerge in (relativistic) string theory by demanding consistency of the quantum field theory (QFT) living on the string worldsheet. The spacetime fields, including the spacetime metric, B-field and dilaton, are classically marginal couplings of the two-dimensional quantum field theory on the worldsheet. The fundamental principle determining the spacetime equations of motion is Weyl symmetry of the string worldsheet theory, whereby the spacetime background fields are tuned to define a two-dimensional conformal field theory. It is the absence of a Weyl anomaly on the worldsheet that determines the spacetime dynamics in string theory.
Nonrelativistic string theory in flat spacetime was formulated in [1] as a twodimensional relativistic QFT on the worldsheet with a nonrelativistic global symmetry. This string theory is unitary, ultraviolet complete and has a spectrum of string excitations with a (string)-Galilean invariant dispersion relation, and a characteristic string perturbation theory [1] . 1 Building on a series of works [4] [5] [6] [7] [8] , it was shown in [9] that the appropriate spacetime geometry that nonrelativistic string theory couples to is the so-called string Newton-Cartan geometry. 2 In string Newton-Cartan geometry, there is a two-dimensional foliation that naturally splits the target space into a longitudinal and transverse sector. These two sectors are related to each other by (string)-Galilean boosts, which are nontrivially realized on the worldsheet fields of [1] . In particular, there is no Riemannian, Lorentzian metric in the target space. Nonrelativistic string theory provides a quantization of string Newton-Cartan gravity in as much as relativistic string theory provides a quantization of Einstein's gravity.
String theory in a curved background is constructed by deforming the worldsheet theory in flat spacetime by appropriate vertex operators. The fact that the worldsheet fields and vertex operators of relativistic string theory are different than those of nonrelativistic string theory is what endows these string theories with physically distinct spacetime geometries: a Lorentzian Riemannian metric and a string NewtonCartan structure, respectively. Relativistic string theory deformed by massless vertex operators which represent a condensate of the graviton, B-field and dilaton defines the relativistic string sigma model. Nonrelativistic string theory deformed by suitable vertex operators gives rise to strings propagating in a string Newton-Cartan geometry, B-field and dilaton background. This deformation defines the nonlinear sigma model for nonrelativistic string theory [9] . 3 In this paper, we derive the equations of motion that the string Newton-Cartan geometry, B-field and dilaton must obey for nonrelativistic string theory to be quantum mechanically consistent. Our main result is given in (3.57). These equations follow by demanding that nonrelativistic string theory in nontrivial backgrounds fields is Weyl invariant quantum mechanically, that is by imposing that the beta-functions for the worldsheet couplings of nonrelativistic string theory vanish. We determine the background equations of motion by computing the linearized equations that follow from Weyl invariance T α α = 0 (1.1) of the vertex operators around flat space ,where T αβ is the energy-momentum tensor on the worldsheet, and then going to higher orders in the background. This procedure is rather straightforward and makes the origin of the spacetime background equations of motion physically transparent. These equations are to nonrelativistic string theory what the supergravity equations of motion are to relativistic string theory. The vanishing of the Weyl anomaly of the worldsheet QFT defining nonrelativistic string theory determines the consistent nonrelativistic string backgrounds. The paper is organized as follows: In §2 we recall nonrelativistic string theory in flat spacetime. We define the renormalization of any given operator on a curved worldsheet by generalizing the normal ordering of composite operators in the conformal gauge. Then, we study the tachyonic and first excited vertex operators and study their quantum Weyl transformations. In §3 we study nonrelativistic string theory in curved string Newton-Cartan background with a Kalb-Ramond and dilaton field. After a brief review of the basic ingredients in §3.1, we relate in §3.2 the Weyl transformations of the vertex operators derived in §2.4 to beta-functions for the background fields. In §3.4, we extend the linearized beta-functions to include higher order terms and present the full beta-functions in (3.57), at the leading α -order. In §4 we conclude the paper and discuss a few future directions.
Note Added: In the final stages of this work, we heard from Domingo Gallegos, Umut Gursoy and Natale Zinnato of their study of Weyl invariance of sigma model in a torsional Newton-Cartan background.
Nonrelativistic String Theory in Flat Spacetime

The Classical Action
Nonrelativistic string theory is described by a sigma model defined on a Riemann surface Σ , parametrized by σ α , α = 1, 2 . The worldsheet metric is denoted by h αβ . We introduce the Zweibein field e α a , a = 1, 2 on Σ such that
The worldsheet fields of nonrelativistic string theory consist of worldsheet scalars parametrizing the spacetime coordinates x µ , µ = 0, 1, · · · , d − 1 and two additional worldsheet fields, which we denote by λ and λ . We take the decomposition x µ = (x A , x A ) , with A = 0, 1 and A = 2, · · · , d − 1 . The sigma model action is [1, 9] 
where α is the Regge slope, h = det h αβ and h αβ is the inverse of h αβ . We defined
where ∇ α is the covariant derivative compatible with h αβ . We also defined the lightcone coordinates,
The Levi-Civita symbol αβ satisfies 12 = − 21 = 1 . Moreover, we introduced the (Euclideanized) light-cone coordinates for the flat index a on the worldsheet tangent space,
In the conformal gauge, we take 6) and the string action (2.2) becomes
where we introduced the complex coordinates,
The equations of motion are 9) which imply that λ and X are holomorphic and λ and X are anti-holomorphic. We now show that λ and λ are worldsheet (1, 0) and (0, 1) forms, respectively, after fixing the conformal gauge. First, consider the infinitesimal local transformations of worldsheet fields in the action S f in (2.2),
10a)
where ξ α parametrizes worldsheet diffeomorphisms, and ω and γ parametrize the Weyl transformation and the Lorentz boost, respectively. We adopt the conformal gauge e α a = δ a α . Then, δe α = δe α = 0 implies that
Using the equations of motion
we derive
and
This concludes the proof that λ and λ are worldsheet one-forms. The worldsheet action (2.7) was shown in [1] to lead to a unitary, ultraviolet finite string theory with a well-defined perturbative expansion.
Renormalized Operators and Weyl Transformations
In this subsection, we define how a given operator constructed out of the worldsheet fields in nonrelativistic string theory is renormalized and study the Weyl transformations of these renormalized operators. We will follow closely the techniques and conventions in [19] .
The nontrivial operator product expansions (OPEs) among the various worldsheet fields in the nonrelativistic string action (2.7) are given as follows:
Then, the normal ordering of a given operator O can be compactly written as
where
The normal ordering defined in (2.16) guarantees that the equations of motion in (2.9) hold as operator equations.
Further note that the path integral of a total derivative is identically zero. For example, for S 0 in (2.7), from
we derive the following equation of motion that holds as an operator equation:
Similarly, we have
The normal ordering defined in (2.16) is compatible with the above Ehrenfest theorems, i.e. the following operator equations hold:
:
With the normal ordering defined in (2.16), we proceed to the BRST quantization of (2.7). The gauge fixed action is
Note that the bc ghost system is exactly the same as in relativistic string theory. The BRST transformations are
The BRST current is in form the same as in relativistic string theory, 25) but with the matter stress energy tensor given by T m in (2.24) . Requiring that the associated BRST operator be nilpotent constrains the matter central charge c m to be 26. Furthermore, note that c m receives a contribution c trans. = d − 2 from the d − 2 transverse fields x A and a contribution c long. = 2 from the longitudinal commuting βγ system. In total, we have c m = c trans. + c long. = d . Therefore, the nilpotence of Q BRST requires the critical dimension to be 26 [1] , akin to relativistic string theory. In order to define normal ordering on a curved worldsheet in a diffeomorphism invariant way, we need to invoke the geodesic distance d(σ 1 , σ 2 ) between two points σ 1 and σ 2 on Σ . The renormalized operator [O] r for an operator O is given by
. (2.27)
In the flat worldsheet limit, (2.26) gives back (2.16). While the renormalized operator (2.26) is diffeomorphism invariant, it not necessarily Weyl invariant; the renormalization of the operator may lead to a Weyl anomaly. Under the Weyl transformations generated by
the renormalized operator O r transforms as
It is useful to note the following coincidence limit of Weyl transformations of ln d(σ, σ ) [19] :
The constant γ parametrizes the renormalization scheme.
Tachyon Vertex Operator
In nonrelativistic string theory, the string spectrum is empty unless one compactifies the longitudinal spatial x 1 direction on a circle of radius r , and all states in the Hilbert space 5 It is easy to show that P (σ 1 , σ 2 ) in (2.26) is Weyl invariant.
necessarily have nonzero windings. Scattering amplitudes of tachyonic winding states in nonrelativistic string theory were computed in [1] . Consider the vertex operator for a closed string tachyon with winding number w ,
where k A is the transverse momentum and p , p are the longitudinal momenta, with
The momenta q and q encode the windings,
The conformal weight of V t is
Integrated over a curved worldsheet, V t gives rise to
Here, α β ≡ αγ h βγ . The analyticity condition on λ becomes
With respect to the Weyl transformations (2.28), applying (2.29) to (2.35) gives the Weyl transformation of V t ,
Requiring that δ W V t vanishes gives rise to the tachyon on-shell condition
This is the same as requiring that V t be a (1, 1)-form by setting h = h = 1 in (2.34), which also sets p 1 = 0 . In general, the four tachyon amplitude has poles corresponding to intermediate excited closed string states carrying nonzero windings. However, in the special case in which the winding number is not exchanged among strings, the four tachyon amplitude also gains a contribution from exchanging off-shell states in the zero winding sector. The leading long-range contribution is proportional to 1/k 2 , with k A the offshell transverse momentum of the intermediate state, which gives rise to the (string) Newtonian potential after a Fourier transform. Note that, in the zero winding sector, all on-shell strings have k A = 0 , therefore, these zero winding intermediate states become of measure zero as asymptotic states. But they nevertheless mediate an instantaneous gravitational force between winding strings [1, 20] .
Vertex Operators for String Newton-Cartan Backgrounds
In this subsection, we consider the vertex operators corresponding to the zero winding states that mediate Newtonian forces among winding strings, for which we compute the Weyl transformations. These determine the string Newton-Cartan background fields on which nonrelativistic strings can consistently propagate. First, we classify the first excited vertex operators that are (1, 1)-forms as follows:
On the curved worldsheet, these operators become, respectively,
Including the contribution from the dilaton and integrating over the worldsheet, we obtain the worldsheet diffeomorphism invariant vertex operator,
Here, R (2) is the worldsheet Ricci scalar, s µν is a symmetric tensor and a µν is an antisymmetric tensor.
Next, we set w = 0 but allow k A to take any nonzero value. Then, we have
Setting w = 0 brings significant simplifications. Importantly, note that some of the terms in (2.42) are now trivially zero. Starting with the path integral identity, There is another more subtle identity: from
we obtain
In the coincidence limit (w, w) → (z, z) , (2.49) gives
On the curved worldsheet, we have
Finally, taking (2.46), (2.47) and (2.51) into account, we find the worldsheet diffeomorphism invariant vertex operator that describes the zero winding intermediate states and the background fields in which nonrelativistic strings propagate,
(2.52)
Here, the Levi-Civita symbol AB satisfies 01 = − 10 = 1 . The index A is raised (lowered) by η AB (η AB ) with
In §2.2, we derived the operator equations (2.21). One may also insert in the normal orderings an arbitrary local operator
at a point w in the worldsheet other than z , without affecting any of the above equations. If the equations of motion (2.21) are multiplied with another operator at the same point, there are sometimes additional divergences to be regularized. In particular, if this insertion is the tachyon vertex operator e i , the divergences can be absorbed into the dilaton counterterm. For example, on the curved worldsheet, we have (see also [19] )
The coefficients on the right hand side of the above equations are parametrized by the renormalization scheme dependent factor γ such that the Weyl transformations of (2.56) are consistent with (2.30) . This γ dependence is, however, absent in DDx A e i r . Note that, in the zero winding sector, is independent of λ and λ . Therefore,
Collecting the relations (2.29), (2.56) and (2.57), it is a lengthy but straightforward exercise to derive the Weyl transformation of V in (2.52). Further note that, turning on the λλ operator in (2.52) with a nonzero u generates a deformation towards the full relativistic string theory. To focus on the nonrelativistic sector, we set u = 0 , which does not receive quantum corrections at linear order of fluctuations (and higher, see section 3) . The resulting Weyl transformation is
For the dilaton perturbation f , we have
It is useful to rewrite the above results of beta-function (2.59) in terms of s µν and a µν , together with t µ A defined as follows:
We also write p and p in terms of p 0 and p 1 as in (2.32). Then, (2.59) becomes
61f)
Here, we introduced the collective notation K µ ≡ (p A , k A ) . Weyl invariance enforces that all expressions in (2.61) vanish.
Nonrelativistic String Theory in Curved Spacetime
In this section, we relate the Weyl transformations of the first excited vertex operators in (2.61) to the one-loop beta-functions in nonrelativistic string theory, linearized in perturbations around flat spacetime. We will later covariantize this linear result to include one-loop contributions to the beta-functions that are nonlinear in perturbations around flat spacetime. Setting these beta-functions to zero at the leading α -order, we find the equations of motion that govern the dynamics of the string Newton-Cartan background, B-field and dilaton.
Strings in a String Newton-Cartan Background
First, we review the basic ingredients of the nonrelativistic string theory sigma model in a string Newton-Cartan background coupled to the Kalb-Ramond and dilaton field. The free nonrelativistic string theory action in flat spacetime S f in (2.7) is invariant under the following global transformations: Moreover, the Poisson bracket between G AA and P A gives rise to a noncentral extension
This extension exists because the Lagrangian associated with the action (2.7) is invariant under the string Galilean boosts up to a boundary term [5, 6] . There are other noncentral extensions in the full global symmetry algebra [6, 8, 16 ], which we are not interested for the purpose of this paper. The global symmetry algebra that consists of the aforementioned generators, including all noncentral extensions, is dubbed the string Newton-Cartan algebra.
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The appropriate spacetime geometry that the nonrelativistic strings coupled to is the string Newton-Cartan geometry, which realizes the string Newton-Cartan algebra as a gauge symmetry acting on the target space [5, 6, 8, 9] . 9 The string Newton-Cartan geometry is defined as follows. Let T p be the tangent space attached to a point p in the spacetime M . We decompose T p into two longitudinal directions indexed by A = 0, 1 and d−2 transverse directions indexed by A = 2, · · · , d−1 , respectively. We introduce the longitudinal Vielbein fields τ µ A and the transverse Vielbein fields E µ A , which in the flat limit become τ µ A → δ 
Moreover, associated with the noncentral extension Z A we introduce a gauge field m µ A , whose flat limit is m µ A → 0 . In the presence of a Kalb-Ramond field B µν and a dilaton field Φ , the sigma model of nonrelativistic string theory on an arbitrary string Newton-Cartan geometry is given by [9] 
where R (2) is the scalar curvature of h αβ and
Note that τ µ A and H µν are all the quantities with covariant curved spacetime indices that are invariant under the string Galilean boosts. Further note that m µ A transforms nontrivially under the Z A transformation, which we parametrize by σ A :
A , where the derivative D µ is covariant with respect to the longitudinal Lorentz boost transformations acting on the index A . In order for this σ A transformation to be a gauge symmetry of the action in (3.4), one has to impose the hypersurface orthogonality condition in the two-dimensional foliation structure on M [8, 9],
where Ω µ AB denotes the spin connection associated with the longitudinal Lorentz rotation symmetry. There are d components in (3.6) that can be used to solve for Ω µ AB in terms of τ µ A . The remaining d(d − 2) equations can be rewritten in a compact form as
The path integral for the action (3.4) is given by
where 9) and the effective action S G is defined to be
Note that λ and λ play the role of a Lagrange multiplier in (3.10). These Lagrange multipliers are not uniquely defined; their redefinitions generate symmetry transformations that relate different string Newton-Cartan geometries. Indeed, apart from the target space gauge symmetries in string Newton-Cartan gravity without any Kalb-Ramond or dilaton field, we also observe the following symmetry transformations in (3.10) after turning on the Kalb-Ramond and dilaton field:
together with
We defined
Here, C µ A is an arbitrary function of x µ but C and C are constrained as follows in order to preserve the geometric constraints (3.7):
(3.14)
To linear order, we simply have
i.e., C + C is independent of x A .
Linearized Beta-Functions from Weyl Transformations
Note that the action S G in (3.10) consists of the most general operators that are classically invariant under the global Weyl transformations and carry zero winding. Moreover, S G is classically invariant under the local Weyl transformation except for the dilaton term, which can be cancelled by including the quantum contributions to the Weyl transformations. In the limit that H µν is close to δ
When C = C , the transformations in (3.11b) are the ones that keep the Buscher rules associated with the longitudinal spatial T-duality invariant. See [9] for more details. A special form of the transformations in (3.11b) also found use in [16] .
and both B µν and Φ are small, we take the following expansions:
. This leads to the expansion of the path integral in (3.8),
where S f is the flat spacetime action given in (2.2) and V(K) is given by (2.42) with u = 0 . The Weyl transformation of Z gives the Weyl anomaly
where the trace of the stress-energy tensor T αβ is given by
This defines the beta-functions for the background fields. Here, for example, β H µν denotes the beta-function of H µν . Define 21) where f matches the one introduced in (2.52). We further define
where β τ µA is given by
It is also convenient to adopt a renormalization scheme with γ = −1 . Using the above definitions, from (2.58) we read off the beta-functions to linear order in T µ A (x) , S µν (x) , B µν (x) and Φ(x) ,
, (3.25c)
When a spacetime index is contracted with the spacetime index of an (inverse) Vielbein field with no derivatives acting on it, we replace this spacetime index with the flat index of this (inverse) Vielbein field. For example,
Since we are focusing on the linear order terms, a contraction of an index µ with τ This is the same information that we already learnt from the BRST quantization in §2.2, which simply declares that the critical dimension is 26.
It is important to note that due to the Ward identities (2.46), (2.47) and (2.51), not all background field perturbations introduced in (3.16) are nontrivial, as they are multiplied by a vanishing on-shell renormalized vertex operator. The only nontrivial background field perturbations are given in (2.52). Therefore, it is only physically meaningful to define beta-functions for these background fields. As a result, the only beta-functions that we can define are for τ AB , τ A A , H A B , B A B , Θ , Θ AA and F as in (3.24) and (3.25), which are invariant under the transformations given in (3.11b).
Geometric Constraints from Weyl Invariance
In this subsection, we study the Weyl invariance requirement from setting the betafunctions of (components of) the longitudinal Vielbein field τ µ A in (3.24) to zero, which results in the following geometric constraints:
We will show that the constraints in (3.29) are equivalent to the linearization of the hypersurface orthogonality condition in (3.7). First, using (3.16a), we take the Fourier transformation of the equations in (3.29), which gives 30) precisely the equation that follows from setting δt = δt = δt = δt A A = 0 in (2.61). Note that this equation holds for all k A and, in particular, k A = 0 for off-shell intermediate zero winding string states that mediate (string) Newtonian gravitational force among winding strings. Due to the rotational invariance in the transverse sector, without losing generality, we are free to choose a coordinate system in which
In these coordinates, (3.30) becomes
The inverse Fourier transformation of (3.32) gives
Another way to put this is that, in order to preserve the rotational symmetry in the transverse sector in (3.29), the expressions on the left hand side of the equations in (3.33) cannot be constant vectors with respect to the index A and hence have to vanish. Therefore, by requiring rotational invariance in the transverse sector, we see that (3.29) leads to (3.33). 13 Finally, we note that the equations in (3.33) are linearized expressions for
i.e. the constraint equation (3.7).
Extension to Higher Order Terms
In principle, the method used to calculate the linear order terms in the equations of motion can also be applied to higher order perturbations in T µ A , S µν , B µν and Φ introduced in (3.16). We will still focus on the contributions to the beta-functions that are linear in α . To calculate the second order terms in T µ A , S µν , B µν and Φ , one needs to keep the following quadratic term in the path integral (3.17),
The Weyl transformation of Z (2) contributes to nonlinear terms in the beta-functions. This calculation is straightforward by evaluating various OPEs. However, since we already understand the underlying gauge symmetries of the target spacetime, it is more efficient to determine higher order terms in the equations of motion by requiring that all ingredients are covariant.
First, we collect all combinations of string Newton-Cartan fields that are invariant under the string Galilei boosts, namely, E ρ A , τ µ A , H µν and N µν , where
In string Newton-Cartan geometry, there is a unique Christoffel symbol
where we defined
With respect to the Christoffel symbol (3.37), we define the covariant derivative ∇ µ and the Riemann tensor,
We also define the Ricci tensor R µν ≡ R ρ µρν . One can show that L R µν defined in (3.26a) is nothing but the linearized R µν . These constitute all the covariant ingredients once we also include
A that appears in the hypersurface orthogonality condition in (3.6). Note that ∇ µ τ νρ = ∇ µ E νρ = 0 . Next, we consider the equations of motion from the vanishing beta-functions of τ µ A . At linear order, these are the geometric constraints (3.33), whose covariantization takes the form 40) i.e. the hypersurface orthogonality condition in (3.6). One might wonder whether higher order contributions to the beta-functions of τ µ A sabotage the hypersurface orthogonality condition. If true, this would make the Z A symmetry anomalous. To address this question, instead of working directly with (3.35), we take the conformal gauge and the following expansions around x µ = 0 :
where g i denotes any of the couplings {τ µ A , H µν , B µν , F } . It is sufficient to focus on the contributions to the Weyl transformations δ W g i that take the form of ∂ µ g i ∂ ν g j , which requires analyzing the terms cubic in { x µ , λ , λ } in the action. We can also set all higher derivatives terms (containing two or more derivatives) of g i to zero in the calculation. Then, the full nonlinear expressions can be constructed by covariantization.
We first collect all terms cubic in { x µ , λ , λ } in the action,
Using integration by parts, we rewrite S (3) in (3.42) as
Note that we already omitted a term that contains ∂ µ ∂ ν τ ρ here. This S (3) contributes to the path integral via
Then, we consider the contributions to
cubic , in front of operators that contain λ (λ). These contributions necessarily involve the operator
cubic contains
Cutting the integral by an invariant distance such that |z − w| e ω > introduces a scale dependence of the metric, ln |z − w| min = −ω + ln [19] . Hence, we obtain a contribution to δ W τ µ from (3.45),
The analogy of this observation also holds for the operator λ ∂ z x µ x ν in (3.43). Hence, contributions to δ W τ µ A from the operator λ ∂ z x µ x ν or λ ∂ z x µ x ν , such as the one in ( A = 0 . In the last line of S (3) in (3.43), there are terms that contain ∂ z λ and ∂ z λ . These terms contribute to the dilaton beta-function. For example, Z (2) cubic contains the following 15 One also needs to impose the Ward identity (2.51) to write down the final contribution.
term:
Taking a Fourier transformation of the Ward identity in (2.56b), we obtain that in position space,
which generates a contribution to δ W F that is dependent on the renormalization scheme. We will come back to this issue at the end of this section. In §2.4, we set the coupling
in front of the operator λλ to zero and then showed that this operator is not generated at the linear order. However, the operator λλ does receive nontrivial Weyl transformations from the following contribution in Z
cubic :
(3.50)
After performing the integral with a short distance cutoff and then covariantizing the result, we find A = 0 , which significantly simplifies the remaining beta-functions. Under this condition, we collect all the ingredients that contain two covariant derivatives as follows:
Following the standard treatment in [19] , by evaluating the associated terms in (3.44) and then covariantizing the results using the Riemann tensor R ρ σµν and the covariant derivative ∇ µ , we find that (3.25) becomes
53c)
54a)
We point out one shortcut in the derivation of the beta-functions (3.53). Earlier in (3.48), we found that there are renormalization scheme dependent contributions to β F that involve τ µ A . Moreover, the evaluation of the coefficient of the last term H A B C H A B C in (3.53e) requires applying the renormalization scheme with the choice γ = −1 made in (3.25) . Regardless of these subtleties, there is an elegant way of fixing the coefficient of H A B C H A B C and demonstrating that there are no extra contributions from τ µ A at the same time. On a locally flat worldsheet, the dilaton is inaccessible, and conformal invariance only requires β (3.24) . These conditions are also sufficient for maintaining conformal invariance on a curved worldsheet. Therefore, β F = 0 has to be dependent of other vanishing betafunctions -the central charge is the only additional contribution from the curvature of the worldsheet, which we set to zero by requiring d = 26 .
16 The Φ-dependent terms in (3.53e) determine the consistency equation to be [22] 
Applying the Bianchi identities, we find that the beta-functions in (3.53) satisfy (3.55). This procedure not only fixes the coefficient in front of H A B C H A B C in (3.53e) but also excludes any additional contribution from τ µ A in (3.53e). In summary, we collect the independent classical equations of motion for the background string Newton-Cartan geometry, B-field and dilaton: 
Conclusions and Discussions
In this paper, we studied the worldsheet quantum consistency of the classically Weyl invariant sigma model of nonrelativistic string theory. Requiring that the worldsheet theory is Weyl invariant at the quantum level, we derive at one-loop the background equations of motion together with the hypersurface orthogonality condition D [µ τ ν] A = 0 in string Newton-Cartan gravity coupled to the Kalb-Ramond and dilaton field. Such equations of motion determine the backgrounds on which nonrelativistic string theory can be consistently defined. In a companion paper [8] , it is shown that the same set of equations of motion can be derived as a subtle limit of relativistic beta-functions.
It is intriguing to note that the combinations of the string Newton-Cartan geometry, Kalb-Ramond and dilaton field in (3.20) that have nontrivial beta-functions are reminiscent of ingredients in double field theory formalism. For example, it has been shown in [23, 24] that nonrelativistic string theory in flat space can be embedded in the double field theory formalism. A more thorough study of these connections may in turn deepen the understanding of T-dualities in nonrelativistic string theory, which was recently formulated using a first principles method in [9] .
Another important question to ask is whether there exists a target space effective action whose variation gives the equations of motion in string Newton-Cartan gravity. The action principle is usually unavailable for (string) Newton-Cartan gravity theories. Nevertheless, exceptions exist. For examples, actions for extensions of Newton-Cartan gravity 17 have been constructed in [25] [26] [27] [28] , and in general dimensions for a novel nonrelativistic algebra in [29] . 18 More recently, an action for the so-called four-dimensional extended string Newton-Cartan gravity was constructed in [21] , paying the price of introducing an extra vector field associated with a central extension in the string Newton-Cartan algebra. One possibility is that this extra vector is responsible for some extra anyonic strings in the spectrum. A similar mechanism was realized in relativistic string theory in three spacetime dimensions [31] : the spectrum contains anyonic particles that are absent in higher dimensions. The string Newton-Cartan geometry arises from the condensate of zero winding intermediate states that meditate instantaneous gravitational forces among on-shell winding closed strings. It would be interesting to explore the possibility of introducing nonzero winding numbers in the analysis in §2.4, which may allow us to probe more general geometries and shed light on spacetime (string) field theory.
We close the paper with a few more open questions. First, it would be useful to develop a reliable background field method which is helpful for extracting contributions from higher loop corrections to the beta-functions, and hence quantum corrections to string Newton-Cartan gravity. Second, it would be interesting to derive the betafunctions in the presence of either longitudinal or transverse D-branes, which should add nonrelativistic twists to the usual Dirac-Born-Infeld effective field theory on Dbranes. Finally, it is also natural to generalize this framework to incorporate worldsheet or spacetime supersymmetries and look for solutions with a non-trivial horizon, which may bare interesting applications to holography.
